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A method is described,  and the resul ts  a re  presented for  the solution of the problem of directed 
crysta l l iza t ion of an ingot. A three-dimensional  model of the process  is examined. 

The process  of directed crysta l l iza t ion of an ingot, whose model can be represented schematical ly 
as  follows, is considered. 

Within a cyl indrical  radiator  of radius R (muffle res is tance  furnace), a homogeneous ingot moves 
forward at the constant velocity v. The ingot is a half-cyl inder  of radius r whose axis coincides with the 
muffle axis (see Fig. 1). Some stat ionary tempera ture  distribution T2(x), charac ter iz ing  the process ,  is 
given on the muffle. In our case 

Tover . . . x<O,  

T~(x)= Tover+kx . . . O ~ x < a ,  

Tover-t-ka . . . x > a, 

where Tover is some overheating temperature .  Such a tempera ture  distribution on the muffle is cha rac -  
ter is t ic  for the directed crysta l l izat ion process .  The melted ingot c rys ta l l izes  as it advances into the cold 
part. Such a problem was examined in [1] in a two-dimensional  t reatment,  i.e., when axial symmet ry  is 
present.  Here, as is seen f rom the sketch, the three-dimensional  problem is considered. In such a f o r -  
mulation, a detailed investigation for different mater ia l s  and different furnace modes is associated with an 
ext remely  high expenditure of machine time. Hence, the main idea herein  is to study the influence of the 
given ingot shape on the shape of the isothermal  surface T = Tsu r and the tempera ture  field in the ingot. 
The stabilized (quasistationary) state of the ingot is of main interes t  here.* 

Let (p, ~v, z) be a cylindrical  coordinate sys tem connected with the moving ingot, and T the time. 
It follows f rom Lamber t ' s  law that the flux density at some point M on the XZ plane of the ingot which a r -  
r ives  f rom the muffle surface is 

; ; c ~ 1 7 6  (1) J,=8*o0 d~ ~(~) ~l~ 

It can be shown that 

0 0 

4~ in I + (R--p)'+~' -F ~ [(R -- p)' 3- ~'I [(R + p)= + ~'] 

* A state which is s ta t ionary in a moving coordinate sys tem connected with the ingot is quasistat ionary.  
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If M is on the cy l inder  ~ = r ,  then the flux per  unit  su r f ace  of the ingot at  the point M is 

S i' ' J = s*% d~ T~ (~) cos a, cos [~ Rd~ = e*% f T~(~) f (0 de. 
- - r  

(2) 

Here  

I { _ a r c t g V R - - r  rV'R2--r2(R"--r2+~*) } 
f ( 0  = ~ RT~- + I ( :~ - -~ i~R-~-~)~: ;~  ~] 

+ ( R~ + r ~ + ~2 __ 
[(R - -  r) ~ 4- ~ l  [(R + r) 2 + ~1 

r R - r  (R+r)*+~* 
arctg - ~  7 " (R  - r)* + ~ 

}' [(R --  r) ~ + ~l [(R + rp + ~21 

F u r t h e r m o r e ,  let  us note  that the t heo re t i ca l  mode l  of the p r o c e s s  is based on the fol lowing a s -  
sumpt ions :  

1) the heat  in the ingot  is p ropaga ted  only by heat  conductionS; 

2) the mel t ing  and c r y s t a l l i z a t i o n  of the m a t e r i a l s  occur  at  the cons tan t  t e m p e r a t u r e  T = Tsu r ;  

3) we neg lec t  the inf luence of the ingot  s u r f a c e  t e m p e r a t u r e  on the g iven t e m p e r a t u r e  d i s t r ibu t ion  
T 2 (X) on the muffle.  

Le t  D denote  the doma in  

D = { 0 < ~ < r ;  - - ~ < ~ < 0 ;  - - o o < z < o o } ,  

and F the boundary  of this  domain.  Then, under  the a s s u m p t i o n s  made  the ingot  t e m p e r a t u r e  T is  d e -  
s c r i b e d  by the fol lowing condi t ions :  

1 0 ~,(T) p- + - ~ -  - ~ -  )~(T) - -  c ? - - = - -  = O, (30 

(p, tp, Z) C D, 7 >  0, T =/= Tsu r 

OT ! 

--  ~, (T) ~ / r  = ~%T4 Ir --  ~*~o r 

(o, ~, z)Cr, 7>0 ,  

OFa 
a? T + ([Z, (T) grad T], grad F3) = 0, 

r ~. z)  ~ D, T >  o, T = Tsur 

(3r) 

(32) 

Here  

~. (T) = l )~' = const . �9 T < Tsu r 
t ~.~ = const . . T >Tsur 

It  fol lows f r o m  (1) and (2) that the boundary  condi t ion (3F) given on the whole su r f ace  F is  equivalent  
to the condi t ions  

--  ~ ( T) ~ ,  o "p=r 

x = z + d ;  {-n<~<0, --~<z<~}, T>o,  

(3~) 

t Convection, whose influence is taken into account by the introduction of an effective coefficient of heat 
conduction, takes part in heat transfer in the liquid phase. 
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Fig .  1. S c h e m a t i c  m o d e l  of d i r e c t e d  c r y s t a l l i -  
z a t i o n  of a n  ingot.  1) R a d i a t o r ;  2) ingot.  

s e r v i n g  the s y m m e t r y  cond i t i on  

- -  ~, (T) =I OT_= ] = eaoT* l~-=o - -  ee*ao 
p 8qD ~-=o 

x f f  T~(~) fa(~--x)d~,  
- - a o  

(34) 

x = z + ~ ;  { 0 < ~ < r ,  - - o o < z < o o } ,  - / > 0 ,  

lira T < , o ,  

w h e r e  x = z + v~ i s  the  c o o r d i n a t e  connec ted  to the  f ixed  
muff le .  

L e t  us  note tha t  cond i t i on  (3) i s  not  posed  on the  
edge  ~ = r ,  ~ = 0 s i n c e  the  n o r m a l  d i r e c t i o n  i s  not d e -  
f ined  on this  edge .  

S ince  the  d o m a i n  D i s  s y m m e t r i c  r e l a t i v e  to the 
p lane  ~ = - l r / 2 ,  hal f  of i t  can  be  c o n s i d e r e d  by c o n -  

OT = 0  . . ' .  {0<p<r, --c~<z<oo}, 7>0. (3s) 

L e t  us  i n t r o d u c e  the  d i m e n s i o n l e s s  v a r i a b l e s  

x ~b? - 1 T - - T s a  r p = = : - ;  x = - - - - "  t =  " ~=q~;  ~ = 
r ' cyf" ' le (~o) Tsuf--- T a ? 

w h e r e  T t i s  the  i n i t i a l  ingot  t e m p e r a t u r e  and 

1 . . . ~ . < 0 ,  
k(w) = Z~ 

~ . . w :>0 .  

Let us assume 

A =  

As 

cb (rx) = t '~ T~ (~) f (~ - -  x) d~, 
J 

% (rx) = ~ T~ (~) h (~ -- x) dL 
- - o o  

c~,o_____r, 6 = 6~ = Tsur , 

e%r (Tsar- T0:' , t3 = ee*a~ 
;q Zl (Tsur- TO 

e'~ (Tsur- Ti)~ , B, --  ee*cr~ 

~.1 ~'1 (Tsur-" TI) 

b = o~ d== vr 
I 

c (Tsuf--- TI) ~'l (Tsuf-- T1) 

(4) 

Then (31)-(33) i s  w r i t t e n  a s  

0 < p <  1, 

Aw = k (w) + ~k (w) Ox 

- -  ~--~-.<tp<0,2 - - c o < z < o o  }, t > 0 ,  w4=0, 

OOOw p=~ = A it: (w) w + 61" - -  BoP (rx),  

(50 
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x : = z + v t ,  - - ~ - < q ~ < 0 ,  - - o o < z < c o  , t > 0 ,  

OqDd~ ~=0 -:  A~ [k (w) w + 5314 - -  B~cP 3 (rx), 

x = z @ v t ,  { O < p < l ,  - - c r  t > O ,  

(52) 

(53) 

O~v : O, 

O~ ~ 2 

OFa b - oF3 - -I- d " -~- ([grad w], grad F~) = 0, 
at Ox 

O < p < l ,  ~ < r  - - c r  w-:.O, t > O .  
2 

(54) 

(5~) 

Here  
0 2 t O 1 0 2 0 z 

A = ~ - ~- . . . . .  i- 4- - -  
a,o ~ p ap p~ a~ 2 Ox 2 

The p r o b l e m  (5) is so lved below by us ing the method of K a m e n o m o s t s k a y a  and Oleinik. 
with [2], (5t) is wr i t t en  as  

aa (~) Aw-- Oa(~) + ~ . _ _ _  , 

Ot Ox 

In con fo rmi ty  

(6) 

w h e r e  

~ 1 7 6  , 
a() .= = 

I 

The Stefan condi t ion  (5 5) wr i t t en  thus t u rns  out to be taken into accoun t  au toma t i ca l ly  s ince  a 5 - f u n c -  
t ion a p p e a r s  in the d i f fe ren t i a t ion  in (6). F u r t h e r m o r e ,  fol lowing Oleinik  [3], a(w) is smoothed ,  which 
p e r m i t s  t r e a t m e n t  of (6) as  an o r d i n a r y  qua s i l i nea r  equat ion with continuous coeff ic ients .  In our  c a s e  we 
can  take as  a(w) 

a(~v) = ~ ,  ~ < - - g ,  

a ( w ) =  )~ ~ - - ' b ,  ~ > L .  

Here  a(w) "is s m o o t h e d "  in the in t e rva l  - L  < w < L by s o m e  polynomial .  Expe r i ence  shows that  it is  
suf f ic ient  to take a th i rd  d e g r e e  polynomial .  The coef f ic ien ts  of this po lynomia l  a r e  found f r o m  the z e r o t h a n d  
f i r s t - o r d e r  con juga te  condi t ions .  Then  

, ~ > L ,  

(7) 

w h e r e  

3b 

4L'~ 66~ 2L 
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Therefore,  (51 ) becomes 

Ox (81) 

{ O < p < l ,  rt } - - - ~ - < q ~ < 0 ,  - - o o < z < o o  , t > 0 .  

Since we are  interested in the influence of the absence of cylindrical  symmetry ,  let us pose the problem 
for deviations of the solution of the three-dimensional  problem from a s imilar  problem in the case of an 
ingot of cylindrical  shape. The selection of such an approach is explained by the fact that it can a priori  be 
expected that the solution of the problem in the three-dimensional  formulation will differ slightly f rom the 
corresponding solution of the two-dimensional problem, and hence, the e r ro r  of the computation method 
in solving the problem in the two- or three-dimensional  formulation separately may turn out to be of the 
same order  of magnitude as the deviations themselves.  Fur thermore ,  let  us note that the conditions which 
the dimensionless temperature  u sat isf ies  in the case of cylindrical symmet ry  agree with the conditions 
(51), (52), (55) and the conditions (5a) , (54) a re  replaced by the conditions 

- -  ~ 0 r 
05 ,p=o 

{ O < p < l ,  - - o o < z < o o } ,  

Ou[ = 0 .  

/ > 0 ,  (9) 

This problem was solved by one of the implicit  numerical  methods also by using the method of 
Kamenomostskaya and Oieinik [1]. Hence, the equation 

Au = ~ (u) Ou Ou 
--~ + ~ (u) o--~ 

(lo) 

is analogous to (8i). Let us put 

Then 

v (x, p, (p, t )=  w (x, p, (p, t ) -  u (x, p, ~, t). 

r (w) Ow Ou = r (u + v) O(u + v) r (u) Ou Ou ~ _  
-dt--~(u)---di ot -~- = [~,(u + o ) -  ~(u)l - ~  + ~(,, + ~,) . 

Subtracting the corresponding equations of the three-  and two-dimensional problems, we find that the 
perturbation v(x, p, % t) sat isf ies  the following conditions: 

- -  - - - -  ~U 02o + I Oo _}_ 1 d~v + c~v = I a ( u + v ) - - ( z ( u ) l - - ~ -  
Op 2 P Op p 2 d~ ~ Ox 2 

+ cz(u + v) -~- + ~ [cz(u + v) -- cr + ~ ( u  + v) O._~_v 
�9 O . ' g  ' 

{ O < p <  |,  ---'~-"~ < 1 0 < 0 ' 2  - - ~ < X < O O } ,  ' > 0 ,  

(11) 

(120 

-]  = A {[k (u + v) (u + v) + 61' --  [k (u) u + 5P}, 
0=1 

-~-~ ,p=o ~ - -  A:' [t~ (u + o) (u + o) + t}.sl ~ - -  Bfl'3, 

O-O~-I =0 ,  { O < o < l , - - o o < x < ~ } ,  t > O .  

(122) 

(123) 

(124) 
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H e r e  u is  c o n s i d e r e d  known. Namely ,  le t  us take the q u a s i s t a t i o n a r y  solut ion of the two-d imens iona l  p r o b -  
l em* as  u. The p rob l e m  (121)-(124) was  solved by a m e s h  method.  A finite ingot hence  r ep laced  the infinite 
ingot.  The condi t ion of z e r o  flux is imposed  a t  the left end of the ingot  in both the two-  and the t h r e e - d i m e n -  
s ional  ea se  so that  

OVOX X=tbegin= 0. (125) 

The t e m p e r a t u r e  a t  the r igh t  endpoint  was  d e t e r m i n e d  f r o m  the condi t ion (52) , where  it  was  cons ide red  that  

Whence 

I aw ~ < 
= o  . . .  o < , < 1 ;  -b- v  =%eg n O . . .  

Op X=Lbegin 

v [~=L.begin = 0. (12r 

Let  us take the z e r o  devia t ion  of the t h r e e - d i m e n s i o n a l  f r o m  the two-d imens iona l  solut ion 

vie= o = 0 (120) 

as  the ini t ia l  s ta te  for  the devia t ions  v(x, p, r t). A c l a s s i c a l  expl ic i t  d i f fe rence  s c h e m e  [4] was  used to 
c o n s t r u c t  the d i f f e r ence  ana log  of the p rob lem (12). The solut ion at in t e rna l  points  on the (k + 1)- th  level  
is  fotmd by this s c h e m e  f r o m  the known solut ion a t  the in te rna l  and boundary  points of the k - th  t ime  level.  
Then,  by us ing  the so lu t ion  just  found at  the in te rna l  points  and the boundary  condit ions (12i) (i = 2, 3, 4, 
5, 6), the va lue  of the solut ion is found at  the boundary  points of the (k + 1)- th  level.  All  the nonl inear  coe f -  
f ic ien ts  w e r e  " l i nea r i zed"  in such a way  that  the m a i n  t e r m s  w e r e  taken on the (k + 1)- th  level ,  and the 
r e s t  w e r e  r e f e r r e d  to the p rev ious  t ime  level.  

In cons t ruc t i ng  the d i f f e rence  analog  of the p rob lem (12), the domain  

Dh = { 0 < 9 < 1 ,  zr } - - ~ - - < r  Lbegtn<X< Len d 

is divided by s e v e r a l  p lanes  in ~, and each  p l ane i s  divided b y a  r e c t a n g u l a r  mesh .  The solut ion at the m e s h  
nodes will  be 

v~;~ = v (x,, ,% %, th), 

w h e r e  

x l = Lbegin-[- ~ h~, l = I . . . . .  p ,  

Oi : iq ,  i = 1 . . . .  , n ,  

Ti 
% - q-  ]0 ,  j = 1 . . . . .  m ,  

2 

t k = k~, k := 1, 2, . . . ,  

if h~, 7, 8, T a r e  the spac ings  in x, p, ~, t, r e spec t ive ly .  H e r e  nonuni fo rm spac ings  a r e  chosen  in x, w h e r e  
the sha l lowes t  spac ings  a r e  se l ec t ed  at  p laces  of the g r e a t e s t  change in the des i r ed  function.  The spac ings  
h f and h f +1 a r e  i n s e r t e d  a round  the point x}. 

The computa t ion  was  p e r f o r m e d  in a BESM-4 digital  compute r .  Selec ted  for  the computa t ion  w e r e  m 
= 5, n = 7, w h e r e  p = 53, 8 = -~ r /8 ,  V = r / 6 ,  minh~ = r / 3 ,  w h e r e  h} was  i n c r e a s e d  as  the endpoints  of the 
ingot  approached .  The t ime  spac ing  depends c o n s i d e r a b l y  on the " sp read ing"  in t e rva l  of the Stefan heat.  
Thus ,  if it w e r e  s u c c e s s f u l  to ca lcu la te  with m i n t  = 0.002 for  l = L = 0.125, then for  l = L = 0.0025 with the 
spac ing  m i n t  = 0.0005. 

The spac ing  T was  va r i ed  fo r  the se lec ted  l ,  L, dur ing  the computa t ion.  Namely ,  T could be i n c r e a s e d  
a s  the t ime  t i t se l f  i n c r e a s e d . .  The p rob l e m  (12) was  a l so  ca lcu la ted  with a f ine r  mesh :  m = 5, n = 13, p = 81, 

* Let  us r e c a l l  that  the m a i n  p rob l e m  is to d e t e r m i n e  the q u a s i s t a t i o n a r y  t e m p e r a t u r e  d is t r ibut ion.  
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w h e r e  in  the  c a s e  of the  c o a r s e r  m e s h  ~? the s p a c i n g  in p was  doubled ,  and the  m e s h  was  un loaded  in x so  
tha t  the  l e a s t  s p a c i n g  was  r e t a i n e d  in  the  expec t ed  r e g i o n  of the  m e l t i n g  i s o t h e r m .  A c o m p a r i s o n  be tween  
r e s u l t s  of a c o m p u t a t i o n  wi th  a m e s h  of 5 x 7 x 53 = 1855 nodes  and 5 x 13 x 81 = 5265 nodes  showed tha t  
the  m a x i m u m  r e l a t i v e  e r r o r  i s  f r o m  1% to 10~c fo r  d e v i a t i o n s  of f r o m  10 -3 to 10 -7 in  a b s o l u t e  m a g n i t u d e  
a s  the  m e s h  s p r e a d s .  The  m e n t i o n e d  c o m p a r i s o n  p e r m i t t e d  a t  l e a s t  a n inefo ld  i n c r e a s e  in  the  t i m e  s p a c i n g  
which  wi t l  n a t u r a l l y  l ead  to  a d i m i n u t i o n  in  the  expended  m a c h i n e  t i m e .  Thus ,  i f  the  o p t i m a l  s p a c i n g  i s  
~- = 0.0002 fo r  a 81 x 13 x 5 m e s h ,  then  i t  i s  s u c c e s s f u l  to compu te  wi th  a r = 0.002. 

L e t  us  note  tha t  in  both the  f i r s t  and s econd  c a s e  no e g r e s s  has  been  m a d e  to the e x t e r n a l  m e m o r y .  
The  f ina l  p r o b l e m  (12) was  so lved  wi th  a m e s h  of 5 x 7 x 5 3 n o d e s .  About  10 s e c  of m a c h i n e  t i m e  was  e x -  
pended a t  each  t i m e  l eve l .  N a t u r a I l y ,  the  t i m e  of e g r e s s  to the  q u a s i s t a t i o n a r y  depends  on the i n i t i a l  a p -  
p r o x i m a t i o n .  Th i s  i s  p r e c i s e l y  why the q u a s i s t a t i o n a r y  s o l u t i o n  of the  t w o - d i m e n s i o n a l  p r o b l e m  i s  t a k e n  
a s  the  i n i t i a l  s t a t e .  In  th i s  c a s e  the  t i m e  needed  fo r  the  so lu t i on  of the p r o b I e m  (12) to b e c o m e  q u a s i -  
s t a t i o n a r y ,  d o e s  not  r e f l e c t  the  t r u e  t i m e  needed  to bu i ld  up the p r o c e s s .  

C o m p u t a t i o n s  w e r e  c a r r i e d  out  fo r  two m o d i f i c a t i o n s  of the  p a r a m e t e r s  of GaAs .  The  fo l lowing  

t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  w e r e  used :  

v = 6 . 6 . 1 6  -~ m/sec; c=431 .24  J/kg.deg; y== 5310 kg/m3; 

~, = 6.07.1(P I/kg; a o = 5.65.10 -s  W/m2" deg4; Tde t = 1513 ~ 

0.2 . .  7 ' < T d e  t T I = 3 0 0 ~  e ~  
0.6 . . T~>Tde t 

M o d i f i c a t i o n  I: 

~ =  13:146 W/m. deg ~'a = 0 . 5 ;  / = L = 0 . 1 2 5 ;  R = 0 . 0 2 m ;  

r = 0.0075 M; L = 0.735M; k = - -  500 deg/m: e* = 0,97; 

t1530 . . - - ~ < x < 0 . 8 5 5 ,  

[ - -  1.29293x 2 -1- 226.465x - -  8381.1 . . . 0.855 < x -.<2. 0.9, 

T~ (x) =- { k (x - -  90) + 1530 0.9 < x i 1.55, 

t 888 . . . 1 . 5 5 < x < c o ,  

M o d i f i c a t i o n  II: 

~.1 - :  12.56 W/m. deg; ~' = 0.3947368; l = L -= 0_0025; 

r = 0 . 0 1 5  M; L . . . .  0.33M; k = - - 2 0 0 d e g / m ;  

T2 (x) = { 1520 - -  oo < x S. 0, 
1520-~-kx O < x < o o .  

R =, 0.035 M; 

e* = 1; 

I t  i s  s e e n  f r o m  a n  a n a l y s i s  of the  t e m p e r a t u r e  f i e l d s  c a l c u l a t e d  in  so lv ing  the  t w o - d i m e n s i o n a l  a x i -  
s y m m e t r i c  p r o b l e m  [1] f o r  m o d i f i c a t i o n  I t ha t  the  m a x i m u m  change  of the  quan t i t y  u(p, z) in  p does  not 
e x c e e d  10 -4. L e t  us  h e r e  r e c a l l  tha t  u has  been  n o r m a l i z e d  to 1. Consequen t ly ,  in  p l a c e  of the  t w o - d i -  
m e n s i o n a l  s o l u t i o n  u(p, z, t),  the  a v e r a g e  of u wi th  r e s p e c t  to p can  be i n s e r t e d  in  the n u m e r i c a l  so lu t i on  

of the  p r o b l e m  (12): 

17= 2 ; p u ( p ,  z, t)dp. 

0 

Then  u i s  d e t e r m i n e d  by  the  cond i t i ons  

__0 ( )~ (u) 0 u ~  _ 2)~ (~) {A [k (u) u + 81' - -  Bq) (rz)} = a (~) //" ~ 0 u  -t- 
Oz \ Oz / 

(13) 

~t--O~- . . .  / .beg in~Z<Lend t > 0 ,  (141) 

OzO~ Z=Lbegin ~- O, t . ~  O, (142) 
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T A B L E  1. C o o r d i n a t e s  of the  I s o t h e r m a l  Su r f a c e  in  the  
Case  k = - 5 0 0  d e g / m  

0 
O, 125 
0,25 
0,375 
0,5 
9,625 

91,907 
91,907 
91,906 
91,902 
91,898 
91,893 

91,907 
91,915 
91,921 
91,926 
91,929 
91,930 

91,907 
91,920 
91,931 
91,937 
91,941 
91,942 

3~ 
S 

91,907 , 9t,907 
91,923 91,923 
91,935 i 91,935 
91,941 91,941 
91,944 91,944 
91,945 91,945 

T A B L E  2. C o o r d i n a t e s  of the  I s o t h e r m a l  S u r f a c e  in the  
C a s e  k = - 2 0 0  d e g / m  

0 
0,25 
0,5 
0,75 
1,0 
1,25 

9,098 
9,092 
9,053 
9,001 
8,1 
7,599 

- - T  

9,098 
9,125 
9,11 
9,068 
9,005 
8,402 

Jt 
- -7 -  

9,098 
9,137 
9,119 
9,075 
9,01 
8,432 

3Ji 
- - T  

9,098 
9,14 
9,12 
9,075 
9,01 
8,432 

9,098 
9,14 
9,12 
9,075 
9,01 
8,432 

]two -dimen- 
sional 
isotherm 

9,31 
9,31 
9,3 
9,26 
9,02 
8,43 

'~=%egin 1 f 4 / - - B -  - } u = &(u~-){ l / - -~  cP(rLen d) - - 6  , f > 0 ,  (14a) 

- 1 [4  / - B  } 
" -  -k (,-)- / T 4,(rz) - 6 . . .  Lbe in< < ten  d = 0. (144) 

The A,  B, ~ ( r z )  e n t e r i n g  h e r e  a r e  the  s a m e  a s  above .  Tak ing  u(p, z, t) = u ( z ,  t) in  th i s  m o d i f i c a t i o n  
in  the  n u m e r i c a l  s o l u t i o n  of the  p r o b l e m  (12),. we s i m p l i f y  the  p r o g r a m  c o n s i d e r a b l y  and d i m i n i s h  the  c o m -  
pu ta t ion  t i m e .  

I t  i s  i m p o s s i b l e  to c a r r y  out the  c o m p u t a t i o n s  of  m o d i f i c a t i o n  II thus  s i n c e  i t  i s  c h a r a c t e r i z e d  by the 
f ac t  t ha t  a s i g n i f i c a n t  d e p e n d e n c e  of the  s o l u t i o n  on p i s  ob ta ined  in  the t w o - d i m e n s i o n a l  ca se .  Hence ,  the  
s o l u t i o n  of the  t w o - d i m e n s i o n a l  p r o b l e m  i s  t a k e n  a s  u in  the  s o l u t i o n  of the  p r o b l e m  (12). The  c o m p u t a t i o n  
i s  c a r r i e d  out unt i l  a mono ton i c  d i m i n u t i o n  i s  a c h i e v e d :  

A=: max .k+l -& 

Compliance with the criterion 

A~ I0-5 ~ 0.01 ~ 

is considered the criterion for the solution to become quasistationary. 

The computation was carried out to t = 27.6 sec for modification I, and to t = 24.8 sec for modifi- 
cation II. 

The temperature field of the three-dimensional problem and its deviation from the two-dimensional 

field at the mesh nodes as well as the x coordinate of the isothermal surface T = Tsu r are printed out. 

The values of x(p, q~) (in cm) are presented in Tables I and 2 for modifications I and II, respectively. 

Coordinates of the melting isotherm for the axisymmetric problem are given for comparison in the 
right-hand column of Table 2. 

Let us note that the maximum displacement (to the left) of the coordinates of the three-dimensional 

isotherm in the second modification as compared with the two-dimensional isotherm is ~ 8 mm and in the 
first modification is ~4 ram. 

An analysis of the field of deviations of the three-dimensional from the two-dimensional solution in 

the modification I yields a maximum deviation of ~2.8 �9 10 -3 ~ 3.3~ at the right end of the ingot, and 
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~10 -4 ~ 0.1~ in the a rea  of the isotherm. For  the second modification, the maximum deviations are  on 
both sides of the domain of the i sotherm T = Tsu r and equal ~10 -3 ~ I~ 

Therefore ,  the computations conducted showed that it is possible to limit oneself to an examination 
of the ax i symmet r ic  problem for the investigation of the directional  crys ta l l iza t ion process  in modes en-  
countered in practice.  

N O T A T I O N  

cr 0 is the S te fan-Bol tzmann  constant; 
e* is the reduced radiation factor  of the muffle; 
e is the relat ive radiativity of the ingot mater ia l ;  
y is the density; 

is the specific latent heat of crystal l izat ion;  
T is the temperature ;  
l 1 is the distance between a point M and an a rb i t r a ry  point N on the muffle; 

, is the acute angle between the direct ion MN and the Y axis; 
a~ is the acute angle between the direct ion MN and the radius r; 
fl is the acute angle between the direct ion MN and the radius R of the muffle; 
n is the normal  direct ion to the surface r ;  
F 3 is the equation of the isothermal  surface T = Tsu r. 

1. 

2. 
3. 
4. 
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